We present an approximate solution for the downward time of travel in the case of a mass falling with a linear drag force. We show how a quasi-analytical solution implying the Lambert function can be found. We also show that solving the previous problem is equivalent to the search for Wien's displacement law. These results can be of interest for undergraduate students, as they show that some transcendental equations found in physics may be solved without purely numerical methods. Moreover, as will be seen in the case of Wien's displacement law, solutions based on series expansion can be very accurate even with few terms.
Introduction
Solving the differential equations describing the rise and fall of a mass in one dimension may seem more complicated in the quadratic drag case than in the linear drag case to many students. Velocity and position are indeed expressed in terms of hyperbolic functions in the former case, while only the exponential function is involved in the latter one [1] . Moreover, the position as a function of time for the two-dimensional case with linear drag can be analytically solved, whereas the quadratic drag only allows for a numerical evaluation of the position [2] .
However, in one dimension, the quadratic drag case offers more analytical results. For example, it is possible to analytically determine the time required to travel from the highest point of the trajectory to the ground, and it is also possible to obtain an expression for the velocity when the object is back at its initial position. Such results are not available in the linear drag case, unless transcendental equations are solved, and this is the object of the current work.
In order to compute the downward travel time, we will first derive an approximate expression of this time using the Lagrange reversion theorem. The convergence of the series expansion obtained will be checked, and a close expression in terms of the Lambert function W 0 will be given. Finally, we will show how the previous results can be applied to the determination of Wien's displacement law constant.
Mathematical expression of the problem
We consider the motion of a mass m thrown from the position z = 0 in the upward direction with an initial velocity v 0 > 0. A linear drag force F = −λ v is considered. Solving Newton's second law of motion for velocity and position, we obtain
with v l = mg/λ the terminal velocity [1] and τ = v l /g,
The time t ↑ of the upward motion is found for v = 0 in (1):
The time t ↓ of the downward motion is found solving z = 0, and we are left with
(the trivial solution t = 0 is of course not of interest). Equation (4) can be expressed as
. This is the equation we want to solve, with unknown y.
Series expansion solution
In the previous section, we have found the transcendental equation to solve in order to find the downward motion time t ↓ . A famous example of the transcendental equation is Kepler's equation, which connects the mean anomaly to the eccentric anomaly, and it can be solved using the Lagrange reversion theorem [3] . This theorem states that equation (5) has a solution of the form
We will therefore use this expression, and by explicating f (x), each term of the infinite sum can be expressed as
The ratio between two successive terms is (substituting α = −x)
and after studying ln(r n ), we find Consequently, the series will converge if xe
, this will always be the case. We can thus obtain a series expansion for t ↓ :
Successive approximations of t ↓ , depending on the number of terms t n used in the sum, are called t ↓(n) . The greater the x (i.e. the smaller the v l ), the fewer terms are required for a good approximation. The relative error of t ↓ for different values of v l /v 0 as a function of the number of terms used in the sum is presented in figure 1 (the reference value t ref for t ↓ is calculated using the Newton-Raphson method; the relative error is defined as
. It can be seen that for a ratio v l /v 0 smaller than 0.5, only one term is sufficient to obtain a relative error smaller than 1%.
Towards an analytical solution
The expression of t n in equation (7) can be rewritten using the quantity q = α e −x :
The last term of the previous equation corresponds to the series expansion of the Lambert function W 0 (q). This function is generally defined as the solution of z = W (z) e W (z) , and is involved in the solution to many problems in physics [4, 5] . In our case, we have − 1 e < q < 0, and there are actually two solutions to the equation z = W (z) e W (z) , given by the branches W 0 and W −1 , but we will only consider the branch W 0 of the Lambert function as written above.
Therefore, we can obtain a simple expression for the solution of equation (5):
Whether this can be considered as an analytical expression is left to the appreciation of the reader. Nevertheless, it should be noted that the free software Octave provides the Lambert function evaluation, exactly as it does for inverse trigonometric functions, for example. 
Wien's displacement law
Blackbody spectral energy density as a function of wavelength λ for the temperature T is given by
with h the Planck constant, c the speed of light and k B the Boltzmann constant. In order to find Wien's displacement law, i.e. the position λ p of the peak of ρ T (λ) as a function of T , we write that the derivative of equation (13) satisfies dρ dλ = 0. This leads to the following transcendental equation:
with a = hc k B
, and by setting y = a λT
, we obtain
with x = 5, α = −5 and f (y) = e −y . Therefore, we are back to equation (5), and we can directly write its solution as
so Wien's displacement law is
We can check the series expansion precision by comparison with this result. The relative error of Wien's law coefficient is plotted in figure 2 . From this figure, we can deduce that using only two terms, the relative error is around 0.001%, so a very good approximation of Wien's displacement law is 
Conclusion
We have shown how computing the fall time with a linear drag and finding Wien's displacement law leads to identical equations. Series expansion can approximate the solution of the equations, but a closed-form solution in terms of the Lambert function W 0 is also proposed.
